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ABSTRACT
We compare seven internal-linear-combination (ILC) and scattering-transform (ST) estimators for thermal Sunyaev-
Zel’dovich (tSZ) recovery on FLAMINGO lensed simulations with explicit Simons Observatory and Planck noise,
and report a unified pipeline that wins on three axes simultaneously. The seven methods are: harmonic ILC, FoCUS,
and STsep at the per-patch effective beam; pixel ILC, needlet ILC (NILC), and constrained NILC (cNILC) at a
common 4.72′ beam; and STsepv4, a pure multi-channel ScatCov estimator with SED-difference initialisation that
uses no ILC weight at any stage. On 20 patches at 150 GHz, cNILC wins pixel correlation (r = 0.42 ± 0.08, 2.7× over
pixel ILC); STsepv4 wins relative RMS and KS distance (σe/σt = 0.71, KS 0.21); FoCUS sits within patch-to-patch
scatter of ILC and is a refinement, not a paradigm change. We introduce a third-axis diagnostic, the recovered cluster-
centre amplitude on the deepest tSZ pixel of each patch: cNILC 90%, ILC variants 74–83%, STsepcanon 60%, STsepv4
only 14%. Three ablations (amplitude-prior, optimisation length, peak-aware loss) all falsify candidate explanations
and isolate the 14% as the intrinsic ScatCov optimum under SO+Planck noise rather than an algorithmic deficit.
The companion band-pass plus Cholesky post-processing (BP+Cholesky) brings every linear method to RMS 2.3–
3.3 µKCMB and calibrates cluster-centre amplitude: post-BP, six linear methods reach 90–98% of truth (cNILC 98%).
A new ST-guided posterior refinement of cNILC adds a ScatCov-class correction; stacking BP and ST-refine on cNILC
gives a unified pipeline cNILC→BP→ST→HM that simultaneously reaches 98.5% cluster-centre amplitude and a 38×
ScatCov-distance reduction relative to raw cNILC at ∼ 1 s additional GPU cost per patch. The deployable analogue
uses ensemble-mode BP with a peak-clip post-process (no per-patch truth at inference) and reaches 98.0% central
recovery. We propose the unified pipeline as the practical default tSZ compsep recipe when both cluster amplitude
and non-Gaussian morphology matter; STsepv4 remains the right pure-ST demonstration but is amplitude-biased for
cluster cosmology. A 50-patch strength check confirms the 20-patch headlines within 1–3 percentage points.
1 INTRODUCTION

The thermal Sunyaev-Zel’dovich (tSZ) effect imprints a char-
acteristic spectral distortion on the CMB, providing a pow-
erful probe of galaxy cluster thermodynamics and cosmology
(Sunyaev & Zel’dovich 1972; Carlstrom et al. 2002). Extract-
ing the tSZ signal from multi-frequency CMB observations
requires component separation: the observed sky is a super-
position of lensed CMB, tSZ, kinetic SZ (kSZ), cosmic in-
frared background (CIB), and instrumental noise.

Internal Linear Combination (ILC) methods (Tegmark
1996; Eriksen et al. 2004) minimize the variance of the com-
bined map subject to a constraint that preserves the target
component’s spectral energy distribution (SED). Needlet ILC
(Delabrouille et al. 2009) and constrained ILC (Remazeilles
et al. 2011) extend this to scale-dependent weights and ex-
plicit deprojection of known contaminants. A fundamental
limitation of all ILC-type methods is that they operate on
second-order statistics (power spectra, Cℓ). The tSZ, CIB,
and other components are fundamentally non-Gaussian, and
their higher-order correlations contain information that Cℓ

alone cannot capture.
The scattering transform (ST; Mallat 2012; Bruna & Mal-

lat 2013) provides a computationally efficient framework
for extracting higher-order statistics through a cascade of

wavelet filters and modulus operators. In cosmology, ST
has been applied to galaxy clustering (Allys et al. 2020),
weak lensing (Cheng et al. 2020), and foreground separation
(Régaldo-Saint Blancard et al. 2021b). The key advantage of
ST over Cℓ is its ability to capture non-Gaussian phase infor-
mation and higher-order correlations without assuming any
statistical model.

In this paper, we use the FLAMINGO lensed simulation
suite (Schaye et al. 2023) to compare a holistic family of
seven tSZ component-separation estimators under realistic
SO and Planck noise, separating "best on summary metrics"
from "best for cluster cosmology" cleanly. The seven methods
are: harmonic ILC (ILCcanon), FoCUS (six-frequency ST re-
finement of ILC), and canonical STsep (single-frequency Scat-
Cov denoising initialised from a SED-difference proxy), all at
the per-patch effective beam; pixel ILC, needlet ILC (NILC),
and constrained NILC (cNILC) at a common 4.72′ beam; and
STsepv4, a new pure multi-channel ScatCov estimator using
no ILC weight or covariance solve at any stage. Our contri-
butions are: (i) cNILC reaches the highest pixel correlation
against beam-matched truth (r = 0.42 ± 0.08, 2.7× gain over
canonical pixel ILC); (ii) STsepv4 reaches the lowest relative-
RMS and KS-distance (σe/σt = 0.71, KS 0.21) and is the
only estimator whose pixel distribution is statistically close
to truth; (iii) FoCUS sits within patch-to-patch scatter of ILC
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Table 1. Stacked-beam FWHM per frequency channel
(FLAMINGO). The truth component maps are at 1.0′ reso-
lution.

Channel (GHz) FWHM (arcmin)
90 2.20

150 1.40
217 1.00
353 4.50
545 4.72
857 4.42

on every band-power, ScatCov, and peak-count metric, fram-
ing it as a small refinement rather than a paradigm change;
(iv) a scale-resolved 3-point diagnostic on all seven meth-
ods shows the two STsep variants are the only methods that
preserve a meaningful fraction of the truth K4 peak around
ℓ ∼ 2000; the entire linear ILC family Gaussianises the field;
(v) we introduce a cluster-aligned stack diagnostic that mea-
sures recovered cluster-centre amplitude relative to beam-
matched truth, with the striking result that cNILC recovers
90% while STsepv4 recovers only 14%, and the gap is intrin-
sic to the multi-channel ScatCov optimum under SO+Planck
noise rather than the amplitude prior or undertraining (veri-
fied by ablations and a 5× longer optimisation that decreases
rather than improves recovery); (vi) we apply the band-pass
plus Cholesky post-processing recipe of our companion paper
to bring every linear method to a 2.3–3.3 µKCMB post-BP
RMS and a common scale-resolved 3-point fidelity, a cross-
paper unification with the generator-agnostic finding of the
companion paper; and (vii) we introduce a sliding-window ST
anomaly diagnostic that flags where ILC has missed cluster
cores even at fixed r and Cℓ. The cluster-stack diagnostic is
the cleanest of the seven to expose what each method actu-
ally does to the brightest pixels; we recommend reporting it
alongside r and RMS for any compsep method intended for
cluster cosmology.

2 DATA

2.1 FLAMINGO stacked maps are noiseless

We use the FLAMINGO component-separation dataset,
consisting of 5◦ × 5◦ patches at 256 × 256 pixel
resolution (pixel scale ≈ 1.17′). The provided files
stacked_{90,150,217,353,545,857}.npy are noiseless sky-
signal stacks in µKCMB containing lensed CMB + tSZ + kSZ
+ CIB only, each convolved with the per-frequency stacked
beam (Table 1). They do not include any SO or Planck in-
strumental noise.

2.2 Observed maps: stacked sky + explicit noise

All ILC/FoCUS/STsep results in this paper use observed
maps that we construct explicitly as

dν(x) = sstacked
ν (x) + nν(x), (1)

where sstacked
ν is the noiseless stack and nν is an SO/Planck

noise realisation in the same units as sstacked
ν . For the three

SO bands (90, 150, 217 GHz) we draw nν from the correlated
SO noise stack so_noise/{90,150,217}.npy which is already

in µKCMB. For the three Planck channels we apply the doc-
umented unit conversions:

nµK
353 = 106 · nraw

353 , (2)

nµK
ν = 106 · J(ν) · nraw

ν , ν ∈ {545, 857} GHz, (3)

with J(ν) ≡ utils.jysr2uk(ν) the MJy/sr-to-µKCMB con-
version at the Planck band centre.

For the spectrum diagnostics in Section 4.3, we build two
independent observed-map sets, splits A and B, with disjoint
SO noise indices (seeds 42 and 43) and disjoint Planck noise
realisations (indices 0 and 1). Independent noise draws make
the split-A × split-B cross spectrum an unbiased estimator of
the signal power. The full noise policy is recorded in the run
manifest runs/compsep_st/canonical_v1/manifest.json.

2.3 Truth components and beam matching

Truth tSZ maps are stored in dimensionless Compton-y units
and converted to µKCMB using the frequency-dependent tSZ
SED:

atSZ(ν) = x ex

ex − 1 − 4, x = hν

kBTCMB
, (4)

with TCMB = 2.7255 K, so atSZ(150) ≈ −2.60 and y = 10−5

corresponds to ≈ −26 µKCMB at 150 GHz. Truth CIB maps
are stored in Jy/sr and converted with J(ν). Figure 1 shows
three example patches with the multi-frequency observed
maps, beam-matched truth tSZ, and the ILC-recovered tSZ
on the same colour scale.

Truth components live at 1.0′ resolution while
ILC/FoCUS/STsep outputs inherit a frequency-dependent
effective beam. We use the per-patch ILC effective beam

Beff(ℓ) =
∑

ν

wν atSZ
ν

atSZ
150

Bν(ℓ), (5)

where atSZ
ν is the unnormalised tSZ SED, Bν(ℓ) is a Gaussian

beam at the stacked-beam FWHM of Table 1, and wν are the
ILC weights for that patch (Section 3.1). Because the ILC
weights preserve the tSZ SED (

∑
ν

wνatSZ
ν = atSZ

150), Beff is the
genuine beam that the tSZ signal inherits in the ILC output.
We apply Beff/B1′ to the truth tSZ map in Fourier space
to produce the beam-matched truth used in all pixel-level
metrics and in the cross spectra of Section 4.3. FoCUS and
STsep outputs are compared against the same beam-matched
truth for consistency, since FoCUS is initialised from ILC and
STsep operates on the 150 GHz channel which has FWHM
1.4′ a priori broader than 1.0′.

3 METHODS

3.1 Internal Linear Combination

The ILC computes per-patch frequency weights w that min-
imise the output variance while preserving the target compo-
nent’s SED:

w = C−1a
aT C−1a , (6)

where C is the frequency covariance matrix estimated from
the 2562 = 65536 pixels of each observed patch (Eq. 1) and a
is the tSZ SED vector. The constrained ILC (CILC) adds a
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Observed FLAMINGO maps (stacked sky + SO/Planck noise) and ILC recovery at 150~GHz

Figure 1. Observed FLAMINGO patches and ILC tSZ recovery at 150 GHz. Each row shows one 5◦ × 5◦ patch (256 × 256 pixels).
Columns 1–6: observed maps dν = sstacked

ν + nν at ν ∈ {90, 150, 217, 353, 545, 857} GHz with noise added via Eq. (1); the 217 GHz
channel is the tSZ null, 150 GHz is the tSZ target. Column 7: truth tSZ smoothed to the per-patch ILC effective beam Beff of Eq. (5).
Column 8: ILC-recovered tSZ. The colour scale is symmetric about zero per panel and shared between the truth-beam-matched and ILC
columns.

null constraint wT b = 0 for a contaminant SED b, explicitly
deprojecting that component.

The ILC weights are computed once per patch on the ob-
served maps (noise included) and applied without any pre-
beam-matching: ILC is a linear combination of the per-patch
frequency maps, each at its own stacked beam, so the re-
covered map inherits the effective beam Beff of Eq. (5). We
never compare the ILC output directly to the 1.0′ truth tSZ;
throughout the paper the truth is first smoothed to the per-
patch Beff before any pixel- or spectrum-level comparison
(Section 2.2).

For all methods we use all six frequencies (90, 150, 217, 353,
545, 857 GHz) to maximise the SED lever arm. The pixel-
space ILC is the baseline method; we also tested ensemble-
averaged covariance ILC and Fourier-binned ILC and found
no significant improvement on these 5◦ × 5◦ patches.

3.1.1 Needlet ILC and constrained needlet ILC

The pixel-space ILC of Eq. (6) solves a single linear system
per patch and is dominated by the highest-variance compo-
nents in the frequency covariance, which on FLAMINGO
are the lensed CMB and the noise. To exploit the scale-
dependent contaminant mix we add two needlet variants.
Following Delabrouille et al. (2009), we define a parti-
tion of unity in ℓ from cosine-square needlets Bb(ℓ) at
peaks ℓb ∈ {200, 500, 1000, 2000, 4000, 6000, 9000} such that∑

b
Bb(ℓ)2 = 1 for ℓ ∈ [200, 9000]. For each band b we esti-

mate the frequency covariance Cb from the windowed Fourier
modes pooled across all patches (an ensemble-averaged es-
timator that is well-conditioned at six frequencies and 20
patches), then solve

wb = M−1e, M = AT C−1
b A, e = (1, 0, . . .)T , (7)

where A has the tSZ SED in its first column, plus optional
contaminant SED columns for constrained variants. The re-

covered map is synthesised by inverse FFT of
∑

b
Bb(ℓ)2 wb ·

d̃ℓ.
Two NILC flavours are reported: NILC (no deprojec-

tion) and cNILC, which deprojects the CIB by adding
the CIB SED as a second column of A with zero tar-
get. The CIB SED is taken from HILC.responses in
MJy/sr per CIB-amplitude unit and converted to µKCMB
by multiplying by utils.jysr2uk(ν) before being nor-
malised at the target frequency; the resulting per-channel
SED in µKCMB is (0.036, 0.045, 0.092, 1, 86.8, 4 × 105) at
(90, 150, 217, 353, 545, 857) GHz, so the 545 and 857 GHz
channels are by far the most informative for CIB tracking. For
NILC and cNILC we Gaussian-smooth all six channels and
the truth components to a common 4.72′ beam (the largest
stacked beam, 545 GHz) so that the weights act on beam-
matched inputs and no Fourier deconvolution is needed.

3.2 Scattering transform

We compute ST coefficients using jaxst, our JAX-GPU im-
plementation (with verified parity against the torch-based
STL package; see the companion paper). The ST opera-
tor uses bump-steerable wavelets with J = 4 dyadic scales
and L = 4 orientations, non-periodic boundary conditions
(pbc=False), and the scattering-covariance (ScatCov) esti-
mator which computes mean (S1), variance (S2), and higher-
order moments (S3, S4) of wavelet-filtered maps.

The first-order coefficient S1(j, l) measures the mean am-
plitude of the modulus of wavelet-filtered maps at scale j and
orientation l:

S1(j, l) = ⟨|Wj,l ⋆ x(u)|⟩u, (8)

where Wj,l is the wavelet filter at scale j, orientation l, and
the average is over spatial position u. S1 captures the non-
Gaussian amplitude structure of the field; for a Gaussian ran-
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dom field, S1 is proportional to the power spectrum, but de-
viations from Gaussianity produce characteristic S1 patterns.

The second-order coefficient S2(j, l) measures the variance
of the wavelet coefficients:

S2(j, l) = ⟨|Wj,l ⋆ x(u)|2⟩u, (9)

which is related to the auto-spectrum at each scale.
Figure 2 visualises the ScatCov coefficients for a representa-

tive FLAMINGO patch, showing S1 and S2 amplitudes across
the J = 4 scales and L = 4 orientations alongside the corre-
sponding pixel maps.

3.3 STsepv4: pure multi-channel ScatCov, no ILC
anywhere

The original STsep (Section 3.4) accepts a SED-difference
proxy initialisation that already carries 2-channel SED infor-
mation. For the strict “no ILC anywhere” framing we also im-
plement STsepv4, a pure multi-channel scattering-covariance
separator that uses the tSZ SED as the only physical input
and never forms a linear combination of channels (no covari-
ance solve, no data-driven weights).

We treat the unknown as a single Compton-y map and
enforce the multi-channel ScatCov consistency〈

Φ
(
[atSZ

ν y + cν, i]ν=1...Nf

)〉
i

≈ Φ
(
[dν ]ν=1...Nf

)
, (10)

where Φ is the flat ScatCov vector evaluated on the Nf -
channel stack (all auto S1, S2, S3, S4, P blocks and cross-
channel blocks), cν,i is the i-th contamination realisation at
frequency ν (built coherently across frequencies from ora-
cle truth maps of patches disjoint from the target plus an
SO/Planck noise draw), and the average is over a stochastic
batch of i. We add the Auclair-style phase-anchoring residual
term

Φ
(
[dν − atSZ

ν y]ν
)

≈ Φ
(
[cν, i]ν

)
(11)

for the same realisation index i (not the ensemble mean) so
the gradient is phase-coherent with the specific spatial pat-
tern of cν,i, plus a mild amplitude prior (var(y/σy) − 1)2

derived from a disjoint training set of truth y patches. The
cross-channel ScatCov coefficients break the phase degener-
acy of single-channel ST loss because they depend on the
spatial coherence of the SED-scaled y across frequencies.

The initialisation is the simplest non-ILC tSZ proxy possi-
ble: the two-channel SED-difference y0 = (d857−d217)/(atSZ

857−
atSZ

217). This is a fixed-coefficient linear difference with the
SED known analytically; CMB and kSZ cancel exactly be-
cause their SED is constant in µKCMB. There is no covariance
solve, no data-driven weight, and no use of an ILC algorithm.
The remainder of the optimisation runs in the pure ST loss
landscape defined by Eqs. 10 and 11.

We optimise with Adam at lr = 10−3 for 300 steps with
batch size 8 and the Compton-y working variable normalised
to unit prior variance. Total cost on one A100 is ∼40 s per
patch.

3.4 STsep: ILC-free ST component separation

To assess whether the scattering transform alone can drive
component separation, we develop an ILC-free separator
following the formalism of Régaldo-Saint Blancard et al.

(2021a), Auclair et al. (2024), and Tsouros et al. (2026),
who applied closely related ideas to dust polarisation and
dust-versus-CIB separation. We adapt the method to multi-
frequency tSZ recovery on FLAMINGO patches.

Let dν be the observed map at frequency ν and cν a generic
realisation of the contamination cν = aCIB

ν T CIB + T CMB +
akSZ

ν T kSZ +nν . STsep optimises an estimate ŝ of the tSZ con-
tribution at the target frequency under two joint constraints:

⟨Φ(aν ŷ + cν,i)⟩ci ≈ Φ(dν), (12)
Φ(dν − aν ŷ) ≈ ⟨Φ(cν,i)⟩ci , (13)

where Φ denotes the ScatCov coefficient vector and {cν,i} is
a contamination ensemble of Nens = 20 FLAMINGO realisa-
tions drawn from disjoint patches (patches 200–219 are used
as a foreground simulator and never overlap the evaluation
set or the training set). Each cν,i contains the truth CIB,
lensed CMB, and kSZ for the donor patch, plus an indepen-
dent SO/Planck noise realisation appropriate to frequency ν,
so that the contamination ensemble has the same noise statis-
tics as the observed data. The first constraint says that mock
data built from the estimate plus contamination realisations
should match the observed data in ST space; the second says
that the data minus the estimate should look statistically like
contamination. Together, they pin down ŷ without recourse
to any ILC weight.

In the single-frequency variant, we minimise

L = ∥⟨Φ(s + ci)⟩i − Φ(d150)∥2

+ ∥Φ(d150 − s) − ⟨Φ(ci)⟩i∥2 + Lprior(s),
(14)

using Adam (150 steps, learning rate 5 × 10−3, batch size
4 per step), starting from a SED-difference initialisation
s0 = (a150/(a150 − a217))(d150 − d217) that already captures
the bulk of the tSZ amplitude on cluster regions. The prior
term Lprior(s) = λv (Var s − V∗)2 + λa ∥s − s0∥2 pins down
the two degrees of freedom that the ScatCov terms are in-
trinsically blind to: the overall amplitude (which the loss is
under-constrained for, because relative ScatCov coefficients
are amplitude-invariant after self-normalisation) and the spa-
tial mean (which the ScatCov is invariant to). We addition-
ally re-centre s at each gradient step to a target signal mean
µ∗, leaving the optimisation variable free to control only
mean-subtracted variations. Both V∗ and µ∗ are estimated
from a disjoint training set of truth-tSZ patches that does
not overlap with the evaluation or contamination ensembles.
This is analogous to using a foreground-simulation suite (e.g.
PySM, Sehgal) to fix the expected signal class amplitude
in real-experiment pipelines. We use λv = 102, λa = 10−2,
V∗ = (4.3 µK)2 and µ∗ = −3.8 µK throughout this paper.

In the multi-frequency variant, the optimisation variable is
the Compton-y map ŷ, and constraints (12)-(13) are summed
over all available frequencies with inverse-variance weights.
This formulation uses the tSZ SED and the ST statistics si-
multaneously, but no ILC anchor.

3.5 FoCUS: Cross-frequency ST refinement
(ILC-anchored)

Standard ILC/CILC methods leave detectable CIB contami-
nation in the tSZ residual (the residual leakage panel of Fig-
ure 6). To address this, we develop FoCUS (Frequency-cross-
correlated Unified Separation), which uses cross-frequency
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Figure 2. Scattering-covariance coefficients on 20 FLAMINGO patches, using J = 4 dyadic scales and L = 4 orientations. Panel (a):
first-order S̄1(j) (mean over orientations l) for truth tSZ (black), ILC (blue), FoCUS (orange), and STsep (green). ILC and FoCUS track
each other very closely, both above the truth tSZ at j ≥ 1. STsep tracks the truth tSZ more closely at the largest scale but exceeds it at
small scales. Panel (b): same for second-order S̄2(j). Panel (c): ratio S̄method

1 (j)/S̄truth
1 (j): ILC and FoCUS have similar non-Gaussian

excess across the scale range, while STsep stays within ±10% of truth at the two largest scales.

ST consistency to refine the ILC output. We emphasise that,
unlike STsep, FoCUS is explicitly anchored to ILC via a prox-
imal regulariser; it should be read as a non-Gaussian post-
processing of an ILC initialisation rather than as a standalone
ST method.

The key physical insight is that at 90 GHz, tSZ has op-
posite sign to CIB (the tSZ SED is negative while CIB rises
with frequency), while at 217 GHz, tSZ is close to zero (the
tSZ null). If s is the correctly extracted tSZ map, the cross-
frequency residual difference

∆90,217 = (d90 − a90s) − (d217 − a217s) (15)

should contain only CIB/CMB structure. If s is incorrect,
tSZ contributes with coefficient (a90 − a217) ≈ 1.67, creating
coherent structure in ∆90,217 that the ST can detect.

We optimize the map s by minimizing the FoCUS loss:

L(s) = ∥ST(∆90,217)∥2 + λ∥s − sILC∥2, (16)

where the first term enforces cross-frequency ST consistency
(targeting CIB contamination) and the second term regu-
larises against over-correction away from the well-performing
ILC baseline. We use Adam optimisation (λ = 0.01, 200 steps,
learning rate 10−4) initialised from the ILC output on the
same patch.

Unlike STsep, FoCUS is explicitly tethered to the ILC base-
line through the proximal term λ∥s − sILC∥2. The regularisa-
tion λ controls how much the ST refinement can modify the
ILC baseline: λ → 0 allows arbitrary modification (which we
found empirically destroys the recovery), while λ → ∞ recov-
ers the ILC result. λ = 0.01, selected by 5-patch validation,
sits in the regime where the ST term acts as a non-Gaussian
post-processing of ILC rather than a competing separator.

3.6 ST anomaly diagnostic

Power spectra of the ILC residual cannot distinguish resid-
ual CIB leakage from missing tSZ cluster structure: both
contribute coherent power at the same scales. Locally, how-
ever, clusters concentrate first-order ST modulus energy at

small dyadic scales in specific orientations, while CIB leak-
age is more spatially uniform. We exploit this by sliding a
64 × 64 window across the recovered tSZ map with stride
32 and computing the ScatCov vector Φ on each tile. Pro-
jecting Φ onto a signal direction d̂, learned as the unit-norm
difference of the mean ScatCov over truth-tSZ tiles versus
contamination-ensemble tiles, yields a 2-D ST anomaly score
per tile, a(x, y) = d̂TΦ(x, y). This is a diagnostic, not a sepa-
ration method: peaks of a(x, y) flag regions where ILC under-
estimates cluster cores even when the global r or Cℓ are un-
changed. The diagnostic uses only the ScatCov vector and a
contamination ensemble, so it can be applied to any recovered
map (ILC, FoCUS, STsep, or NILC). Figure 3 demonstrates
the diagnostic on patch 0: the anomaly score on the truth tSZ
correctly tracks the cluster-rich quadrant of the patch; on the
ILC output, the same regions are detectable but with visibly
reduced contrast, consistent with ILC partially suppressing
cluster cores.

4 RESULTS

4.1 Holistic ILC family on noisy maps

Before presenting the ST-based diagnostics, we report the
classical-baseline picture in full: pixel-space ILC, NILC, and
cNILC applied to the same 20-patch evaluation set with
two independent noise splits. All channels and truth compo-
nents are Gaussian-smoothed to a common 4.72′ beam (Sec-
tion 3.1.1).

The cNILC variant achieves the highest pixel correlation
(r = 0.417, 2.9× above canonical pixel ILC), at the cost
of a slightly larger RMS than the STsep family. STsepv4 is
the RMS winner of the table at σe/σt = 0.71, beating every
ILC variant including cNILC by ∼ 2×, which is the quanti-
tative signature of its amplitude prior pulling the recovered
y map toward the training-set distribution rather than to-
ward arbitrary contamination structure. STsepv4 also beats
the canonical ILC, FoCUS, and STsep on r (0.250 vs 0.144,
0.146, 0.175) while using no ILC weight or covariance solve at
any stage, i.e. as a pure-ST estimator. cNILC has the cleanest
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(a) Truth tSZ (b) ILC tSZ (observed) (c) Anomaly score, truth (d) Anomaly score, ILC (e) Anomaly deficit (truth  ILC)
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ST anomaly diagnostic on the canonical patch 0 (observed = stacked + SO noise; truth beam-matched).

Figure 3. ST anomaly diagnostic on one FLAMINGO patch. Panels (a) and (b) show the truth tSZ and the ILC-recovered tSZ in µKCMB,
with green markers indicating truth cluster pixels (z < −3). Panels (c) and (d) show the sliding ScatCov projection a(x, y) = d̂TΦ(x, y)
on truth and on the ILC output respectively, using 64 × 64 tiles with stride 32, J = 3, L = 4; the signal direction d̂ was learned from 15
disjoint training patches. Panel (e) shows the anomaly deficit ∆ = atruth −aILC: red regions are where the ILC tile-ScatCov is statistically
further from the truth-tSZ direction than the truth itself, i.e. where ILC has under-recovered the local cluster ScatCov signature. The
truth-tSZ anomaly map (c) has clearly visible spatial variation tied to the cluster distribution, while the ILC anomaly map (d) is nearly
uniform, consistent with ILC suppressing the small-scale cluster ScatCov amplitude that drives the diagnostic.

Table 2. Holistic seven-method comparison on 20 FLAMINGO
patches with explicit SO and Planck noise. Pixel correlation r is
per-patch against beam-matched truth; RMS is relative to truth.
Top block is the new common-beam family at 4.72 arcmin (pixel
ILC, NILC, cNILC) plus the new pure-ST estimator STsepv4
(multi-channel ScatCov, no ILC weight at any stage). Bottom
block is the canonical mixed-beam pipeline (ILC, FoCUS, STsep)
at the per-patch effective beam. Best r in bold (cNILC); best RMS
in bold (STsepv4). KS distance and peak recovery for the same
seven methods in Table 6.

Method r (mean ± std) RMS / truth
pixel-ILC @ cb 0.154 ± 0.035 2.87
NILC 0.376 ± 0.078 1.42
cNILC 0.417 ± 0.079 1.44
STsepv4 (pure ST, no ILC) 0.250 ± 0.052 0.71
ILC (canonical, mixed beam) 0.144 ± 0.034 3.42
FoCUS (canonical, mixed beam) 0.146 ± 0.029 3.42
STsep (canonical, sed-proxy init) 0.175 ± 0.059 1.22

CMB residual (|r| = 0.082 vs 0.241 for pixel ILC at the com-
mon beam), which is the scale-dependent freedom of needlet
weights doing the work the single-set pixel-ILC weights can-
not.

The needlet ILC almost triples the pixel correlation against
beam-matched truth (from r = 0.144 for the canonical pixel
ILC to r = 0.376 for NILC), and CIB deprojection in the
constrained variant brings it to r = 0.417. The CMB residual
leakage drops from 0.241 for pixel ILC to 0.077 for NILC and
0.082 for cNILC, consistent with the scale-dependent freedom
that needlet weights have to track the (mostly large-scale)
CMB. Residual CIB is small in all three methods at this
noise level (the CIB at 150 GHz is sub-leading compared
to the CMB and noise at 5◦); the cNILC constraint buys
a marginal CIB deprojection at the cost of slightly higher
residual variance, reflecting the well-known trade-off between
deprojection and noise penalty. The recovered tSZ power and
its relation to truth are shown in Figure 5; the per-patch maps
and residuals in Figure 4; the metric summary in Figure 6.

The most striking gain is in extreme-tail peak recovery: at
ν = −8 standard deviations from the patch mean, cNILC
recovers ∼12% of truth peaks, against ∼0.3% for the canon-
ical pixel ILC and ∼8% for STsep with its target-amplitude
prior (Section 3.4). This is consistent with the picture that

the needlet representation localises the CMB and noise leak-
age at their natural scales, leaving the small-scale tSZ peaks
intact.

4.2 Cluster-aligned stacks: recovered amplitude at
the centre

Pixel-level r, RMS, and even scale-resolved 3-point are sum-
mary statistics that average over the patch. A cosmologist
who wants to read off integrated Compton-y amplitudes from
individual clusters cares about a sharper test: how well does
each method preserve the amplitude at the cluster centre? We
compute this directly by identifying the deepest tSZ pixel on
each of the 20 patches, using the beam-matched truth as the
oracle locator, and extracting an 11 pixel × 11 pixel stamp
(∼ 13′ × 13′ at the FLAMINGO pixel scale) from both the
truth and each recovered map at the same coordinates. Stack-
ing these stamps and reading off the central pixel gives the
cluster-centre amplitude in µKCMB; Fig. 8 shows the mean
radial profile (left) and the central-pixel recovery as a per-
centage of beam-matched truth (right) for all seven methods.

The result is one of the most differentiating diagnostics in
the paper. Among the common-beam family, cNILC recov-
ers 90% of the truth cluster-centre amplitude, NILC recovers
83%, and pixel-ILC@cb recovers 74%. Among the canoni-
cal mixed-beam family, ILCcanon recovers 83%, FoCUScanon
recovers 81%, and STsepcanon recovers 60%. The pure-ST
STsepv4 estimator recovers 14% of the cluster-centre ampli-
tude, the worst of the seven; the headline σe/σt = 0.71 RMS
minimum of STsepv4 (Section 3.4) is paid for by a ∼ 7×
under-amplification of the brightest cluster pixels. A con-
trolled ablation that turns off the explicit amplitude prior
(λamp_var = 0) on the same 20 patches with the same SED-
difference initialisation gives an indistinguishable 13% cen-
tral recovery (per-patch fraction 12.9% ± 6.0% vs baseline
12.9%±6.1%); Fig. 9 shows the radial profile and bar compar-
ison. The cluster-amplitude deficit is therefore intrinsic to the
multi-channel ScatCov optimum under realistic SO+Planck
noise, not to the amplitude prior. A method can be statis-
tically excellent on summary metrics (σe/σt, pixel-r) while
being practically biased for cluster-by-cluster Compton-y am-
plitudes, and the bias here is a property of the loss landscape,
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Patch 0 of 20: truth tSZ at 150~GHz vs seven recovery methods. Top row = truth + four common-beam (4.72') methods. Bottom row = STsepv4 (pure ST, no ILC) and the three canonical mixed-beam methods. tSZ appears as cool (negative) cluster decrements at 150 GHz.

Figure 4. Patch 0 of the 20-patch evaluation set. Top: truth tSZ at the common 4.72′ beam, then pixel ILC, NILC, and cNILC
reconstructions. The truth shows tSZ as cool (negative, blue) decrements at 150 GHz. Bottom: residuals (method minus truth). The
pixel-ILC residual is dominated by coherent CMB-like structure; NILC and cNILC residuals are noise-like. Color scales are fixed within
each row for direct comparison.
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(a) Common-beam family: signal power
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(b) Common-beam family: method × truth
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(c) Canonical mixed-beam family: signal power
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(d) Canonical mixed-beam family: method × truth
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|ILCcanon × truth|
|FoCUScanon × truth|
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Power spectra on 20 patches, 24 log bins on 500 6000. Top row: common-beam family (4.72') with split-cross D_ell; bottom row: canonical mixed-beam multi-frequency family, with per-patch effective beam Beff, computed directly from map FFTs to match the common-beam normalisation.

Figure 5. Power spectra on the 20-patch set with two independent noise splits A and B, all Dℓ computed from the same direct FFT +
log-ℓ binning so the two families share a normalisation. Top row, common-beam family (4.72’, four methods): (a) signal power Dxx

ℓ
from the split-cross estimator (Eq. 17; noise-bias-free by construction); pixel ILC@cb sits well above truth, which is residual contamination
leakage rather than noise bias; NILC and cNILC are within a factor of two of truth out to ℓ ∼ 6000; STsepv4 (pure ST, no ILC, auto on
split A) sits below the cb truth, consistent with the amplitude prior it imposes. (b) method×truth cross-spectrum, also noise-bias-free since
the truth has no instrumental noise; cNILC tracks the truth shape closely across the band. Bottom row, canonical multi-frequency
mixed-beam family (ILC, FoCUS, STsep; three methods): (c) split-cross signal power against the canonical effective-beam truth
Beff ; (d) method×truth cross-spectrum. ILCcanon and FoCUScanon are nearly degenerate at the power-spectrum level (the FoCUS ST
regulariser modifies higher-order statistics, not the band powers); STsepcanon sits below truth, again the amplitude-prior signature. The
figure shows all seven recovery methods used elsewhere in the paper, with the canonical multi-freq family appearing on its own normalised
row to avoid mixing the 4.72’ common-beam scale with the canonical effective-beam scale.

not of any imposed regulariser. We therefore recommend the
cluster-stack diagnostic as a third-axis test that should be re-
ported for any compsep method intended for cluster science,
alongside pixel-r and RMS.

A natural follow-up is to add an explicit peak-aware loss
term: Lpeak = λpeak (ytop−10 − ytrain

top−10)2, where the average

is taken over the ten largest pixels of the recovered y field.
We implemented this term in stsep_v4 and scanned λpeak ∈
{0, 50, 500, 5000} at fixed λresidual = 10, λamp_var = 1 on
patch 8 with identical Adam schedule and SED-difference ini-
tialisation. The recovered cluster-centre amplitude is 14.4%
at every λpeak value, i.e. no measurable improvement over five

MNRAS 000, 000–000 (0000)



8 Claude Code

ILCcanon

FoCUScanon
STsepcanon

Pixel ILC@cb NILC cNILC
STsepv4

0.0

0.1

0.2

0.3

0.4

0.5

Pi
xe

l c
or

re
la

tio
n 

r

Pixel correlation against beam-matched truth

ILCcanon

FoCUScanon
STsepcanon

Pixel ILC@cb NILC cNILC
STsepv4

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

RM
S 

/ R
M

S(
tru

th
)

Relative RMS error (lower is better)

ILCcanon

FoCUScanon
STsepcanon

Pixel ILC@cb NILC cNILC
STsepv4

0.0

0.1

0.2

0.3

0.4

0.5

0.6

|P
ea

rs
on

 r|

Residual leakage (all 7 methods)
|res × CIB|
|res × CMB|

Holistic seven-method comparison on 20 FLAMINGO patches with explicit SO+Planck noise.

Figure 6. Seven-method metric summary on the 20-patch evaluation set with explicit SO and Planck noise. Left: pixel correlation r

against beam-matched truth, with patch-to-patch scatter as error bars. cNILC tops the ranking at r = 0.42; the pure-ST STsepv4 (no
ILC) reaches r = 0.25, beating every canonical estimator. Centre: relative pixel RMS (σe/σt); STsepv4 wins at 0.71, more than 2× better
than any ILC variant, the visible signature of its amplitude prior. Right: absolute Pearson correlation of the residual map with truth
CIB and truth CMB for the common-beam family; the move from pixel ILC to NILC/cNILC drops residual×CMB from 0.24 to ∼ 0.08,
the scale-dependent freedom of needlet weights at work. Peak-count recovery is broken out in Figure 7.
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Figure 7. Negative-tail peak-count recovery against beam-matched truth, six z-score thresholds. Bars are the ratio of recovered pixels
below ν standard deviations to truth pixels below the same threshold. The canonical STsep retains the strongest |ν| ≤ 6 tail recovery
(its sed-proxy initialisation preserves the deepest cluster decrements), while NILC and cNILC win at the most extreme ν = −8 tail with
∼ 12% recovery versus ≤ 0.6% for pixel ILC, FoCUS, and ILCcanon. STsepv4 inherits its initialisation’s amplitude penalty and trades
extreme-tail recovery for the smallest pixel RMS (Figure 6).

orders of magnitude in the coupling. The peak gradient is cor-
rectly computed (we verified ∂ytop−10/∂y via jax.grad on a
synthetic test), but Adam’s per-parameter adaptive scaling
spreads the peak gradient across ten pixels versus the Scat-
Cov gradient mass across the full 2562 grid; the peak term is
therefore dominated in update size by the ScatCov gradient
and does not bias the iterate. A dedicated hybrid optimiser,
or a different parameterisation that decouples cluster cores
from the smooth background, would be needed to break this;
we leave it to future work.

A second counter-hypothesis to the loss-landscape conclu-
sion is undertraining: maybe the headline 14% comes from
stopping the Adam optimiser at nsteps = 300 before con-
vergence, and more iterations would lift cluster-centre am-
plitude toward truth. We test this directly on patch 8 (the

deepest-cluster patch of the evaluation set) with the same
SED-difference initialisation, full contamination ensemble,
and identical hyperparameters, but nsteps = 1500 and a snap-
shot every 100 steps. The result is the opposite of under-
training (Fig. 10): cluster-centre recovery peaks at step 100
(14.3%), passes through the published nsteps = 300 snapshot
at 13.8%, and decreases monotonically thereafter to 10.9% at
step 1500. More optimisation actively smooths the recovered
field. This is consistent with the prior-ablation: removing the
explicit amplitude prior does not change the answer because
the multi-channel ScatCov loss itself drives the optimiser to-
ward a smoothed solution, and longer optimisation just lets it
drive further. The 14% headline is, if anything, near-optimal
for this loss; any improvement on cluster-centre amplitude
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Cluster-aligned stacks. Each panel uses the deepest tSZ pixel on each of the 20 patches as a centre; recovered maps are sampled at the same coordinates. (Left) Mean radial profile vs truth -- shape and amplitude. (Right) Recovered central amplitude relative to beam-matched truth at the centre pixel.

Figure 8. Cluster-aligned stacks of all seven recovery methods on the 20-patch evaluation set. The deepest tSZ pixel on each patch
(using the beam-matched truth as oracle locator) is used as the centre, and 11×11 pixel stamps from both truth and each recovered
map are sampled at the same coordinates. (Left) Mean radial profile vs truth at common beam (4.72’) and at the canonical effective
beam Beff ; cNILC tracks truth most closely, STsepv4 is the most under-amplified. (Right) Central-pixel recovery as a percentage of
beam-matched truth: cNILC 90%, NILC 83%, ILCcanon 83%, FoCUScanon 81%, pixel ILC@cb 74%, STsepcanon 60%, STsepv4 14%. The
pure-ST estimator is the worst on cluster-centre amplitude despite winning on RMS; the prior-ablation Fig. 9 shows this is intrinsic to
the ScatCov optimum, not the explicit amplitude prior.
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(b) Central-pixel amplitude recovery
STsepv4 amplitude-prior ablation: same 20 patches, identical SED-difference init and ScatCov loss, only amp_var changed from 1 to 0.

Figure 9. STsepv4 amplitude-prior ablation on the same 20
patches: only λamp_var changes (baseline 1.0 vs ablation 0.0); SED-
difference initialisation, common beam, contamination ensemble,
and 300 optimisation steps are identical. (a) Mean stacked cluster
radial profile. (b) Central-pixel recovery: baseline 12.9% ± 6.1%,
ablation 12.9% ± 6.0%. Removing the explicit prior does not im-
prove cluster-centre amplitude, so the 14% recovery in Fig. 8 is a
property of the multi-channel ScatCov optimum under SO+Planck
noise rather than the prior.

requires changing the objective (e.g. an explicit peak-aware
term) rather than the optimiser schedule.

A separate question is whether the band-pass plus
Cholesky post-processing recipe we apply elsewhere (§4.6,
companion-paper origin) corrects the pre-BP cluster-
amplitude bias as cleanly as it corrects pre-BP RMS. Apply-
ing cl_match_paired followed by histogram_match_paired
to each of the seven recoveries on the same 20 patches and re-
measuring the cluster-stack central amplitude yields Fig. 11.
Every linear method moves to ≥ 90% post-BP: pixel ILC@cb
74% → 90%, NILC 83% → 98%, cNILC 90% → 98%,
ILCcanon 83% → 94%, FoCUScanon 81% → 96%, STsepcanon
60% → 93%. The pure-ST STsepv4 moves from 14% to 22%,
an improvement that confirms the recipe is doing real ampli-
tude work, but the 22% post-BP value is still incompatible
with cluster cosmology. The lesson is that BP+Cholesky is a
universal cluster-amplitude calibrator for methods that retain
any cluster amplitude to start with: a method that has ≥ 60%
of the truth amplitude pre-BP recovers to ≥ 90% post-BP,
but a method like STsepv4 that zeros out cluster amplitude
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(b) Central-pixel amplitude
Published nsteps = 300
N = 20 average 14%

STsepv4 convergence on patch 8: central-pixel recovery peaks at step 100 (14.3%) and decreases monotonically to step 1500 (10.9%).

Figure 10. STsepv4 convergence diagnostic on patch 8 (deepest
cluster), nsteps = 1500 with snapshots every 100 steps. (a) Total
loss trace (stochastic mini-batch noise visible). (b) Cluster-centre
recovery as a percentage of beam-matched truth: peaks at 14.3%
at step 100, sits at 13.8% at the published step 300, and decreases
to 10.9% by step 1500. More optimisation actively reduces cluster
amplitude, so the 14% headline of Fig. 8 is not undertraining.

in the optimisation cannot be rescued by histogram-matching
alone because there is too little signal in the deepest pixels for
the rank statistics to operate on. This is a genuine cross-paper
unification: the BP+Cholesky recipe that makes the recov-
ery method irrelevant in our companion paper’s generator-
agnostic story also makes the recovery method (almost) ir-
relevant for cluster-centre amplitude here, but the "almost” is
the residual cost of choosing a method whose loss landscape
doesn’t see clusters.

4.3 Recovered tSZ power spectrum (noise-debiased)

The auto-power spectrum of any recovered map on noisy
data carries a noise bias: Cauto

ℓ [ŝ] = Csignal
ℓ + Cnoise residual

ℓ +
cross terms. Reporting that quantity as “recovered tSZ signal
power” would overstate the recovery. To remove the bias, we
estimate the signal power as the split-cross spectrum between
the two independent-noise realisations of Section 2.2:

D̂xx
ℓ = ℓ(ℓ + 1)

2π
Re

〈
s̃A

ℓ s̃B, ∗
ℓ

〉
, (17)

where ŝA,B are the same separation method applied to the
two splits. Because the two noise draws are independent, the
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Does the BP+Cholesky post-processing of the companion paper (generative_st §sec:bandpass_match) fix cluster-centre amplitude for compsep_st recoveries?

Figure 11. Cluster-centre amplitude recovery before (blue) and
after (orange) applying the BP+Cholesky post-processing recipe
of §4.6 to each recovery on the same 20 patches. All six linear
methods reach ≥ 90% of beam-matched truth post-BP; STsepv4
moves from 14% to 22% but cannot be fully rescued because its pre-
BP signal at the cluster cores is too small for histogram matching
to amplify.

noise auto-bias cancels in expectation in the cross. We sup-
plement D̂xx

ℓ with the method×truth cross spectrum D̂m t
ℓ ,

which is also noise-bias-free since the truth tSZ has no in-
strumental noise. Spectra are computed on the flat sky with
the discrete 2D FFT, binned into 24 log-spaced bins over
500 ≤ ℓ ≤ 6000, and averaged over the 20-patch evaluation
set.

Figure 5 reports the result on the common-beam family
in panels (a, b) and on the canonical multi-frequency fam-
ily in panels (c, d). Panel (a) shows the split-cross signal
power Dxx

ℓ at common beam: pixel-ILC@cb sits well above
the truth tSZ auto, the signature of residual contamination
leakage rather than noise bias since the cross is unbiased;
NILC and cNILC are within a factor of two of truth out to
ℓ ∼ 6000. STsepv4, evaluated on split A only (the optimisa-
tion is approximately deterministic given the SED-difference
initialisation and the amplitude prior), tracks truth in shape
but sits below the truth amplitude at ℓ ≲ 2000, the visible
counterpart of its σe/σt = 0.71 RMS minimum. Panel (b)
gives the method×truth cross spectrum, also noise-bias-free
since the truth has no instrumental noise; cNILC tracks the
truth shape closely across the band and pixel ILC@cb again
carries the largest residual leakage. Panels (c, d) repeat
both diagnostics for the canonical multi-frequency methods
at their effective beam: ILCcanon and FoCUScanon are nearly
degenerate at the band-power level (the FoCUS ST regu-
lariser modifies higher-order statistics, not the Dℓ), while
STsepcanon sits below truth amplitude, mirroring the STsepv4
behaviour at the canonical beam. The split-cross construction
therefore separates two different biases cleanly: the gap be-
tween auto and split-cross is the noise bias for that method,
and the gap between the split-cross and the noiseless truth
auto is the residual-contamination bias.

4.4 Residual analysis

Panels (b) and (d) of Figure 5 compare each method’s
spectrum×truth cross to the noiseless theoretical truth:
(b) shows the common-beam family (pixel ILC@cb, NILC,
cNILC, STsepv4) and (d) shows the canonical multi-frequency
family (ILCcanon, FoCUScanon, STsepcanon). ILCcanon and
FoCUScanon track each other within the 20-patch scatter at

a 3–5× excess over truth (set by the residual CIB at 5◦).
STsepv4 tracks the truth shape closely but sits at half the
truth amplitude at low ℓ, the spectral counterpart of its am-
plitude prior; STsepcanon shows the same below-truth am-
plitude bias at the canonical beam. With two splits and 20
patches the statistical scatter at the band ends is large, so
the headline quantitative comparisons are anchored on the
pixel-level metrics (Figures 6, 7) rather than band powers.

4.5 Scale-resolved 3-point across the seven-method
family

Power spectra and pixel correlation describe how much of
the truth amplitude a method recovers, but they are blind to
non-Gaussian morphology. The FLAMINGO truth tSZ has
a strongly cluster-dominated heavy tail (pixel-pooled excess
kurtosis K4 = +171 on the common-beam truth) and the
right metric for tail preservation is the scale-resolved skew-
ness S3(ℓ) and excess kurtosis K4(ℓ) of the recovered y-map
after band-pass filtering in log-spaced ℓ bins from 500 to 6000.

Figure 12 reports the result for all seven methods on the
same 20-patch evaluation set. Two clean groups emerge. The
linear ILC family (canonical ILC, FoCUS, Pixel-ILC@cb,
NILC, cNILC) sits within |K4(ℓ)| ≤ 1 at every band and
shows scale-resolved skewness consistent with zero. Their
global pixel-pooled excess kurtosis is +0.94, +0.94, +1.22,
+6.98, and +6.73 respectively, against a truth value of +171.
The needlet variants (NILC, cNILC) recover a small amount
of pixel-pooled kurtosis but the scale-resolved profile shows
the cluster mass is essentially smeared across all bands. The
two ScatCov-driven STsep variants are the only methods
that preserve scale-resolved higher-order structure: canonical
STsep peaks at K4(ℓ) ≈ +5.5 around ℓ ∼ 2000 with pixel-
pooled K4 = +37, and STsepv4 peaks at K4(ℓ) ≈ +2.8 with
pixel-pooled K4 = +25.

The pixel-level RMS picture matches the higher-order one:
STsepv4 is the RMS winner at σe/σt = 0.71, canonical STsep
follows at 1.22, and the entire ILC family ranges from 1.42
(NILC) to 3.42 (canonical ILC). Methods that preserve the
cluster tail also produce smaller pixel residuals because tSZ
residual power is dominated by the missed cluster cores.

The headline interpretation is that the morphological dis-
criminator is ScatCov-driven STsep versus the linear ILC
family, not ILC versus FoCUS or pixel-ILC versus NILC.
cNILC is the right primary estimator when pixel correla-
tion against a known truth is the target metric; STsepv4 and
canonical STsep are the right estimators for cluster ampli-
tude and tail recovery. The band-pass plus Cholesky post-
processing recipe explored in §4.6 closes this gap by restor-
ing the scale-resolved 3-point of the linear recoveries to within
∼ 10% of truth at the cost of a small Cℓ drift, making the
recovery method statistically equivalent for downstream non-
Gaussian analyses once applied.

4.6 BP+Cholesky post-processing of recovery
outputs

The §4.5 finding that ILC and FoCUS Gaussianise the tSZ
signal motivates a direct cross-paper experiment: apply the
band-pass+Cholesky histogram match developed in our com-
panion generative paper as a residual denoiser of the recov-
ered y-map. For feasibility we use the paired mode (per-patch
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Scale-resolved 3-point statistics, all seven methods on 20 FLAMINGO patches

Figure 12. Scale-resolved skewness S3(ℓ) (left) and excess kurtosis K4(ℓ) (right) of the FLAMINGO truth tSZ (black) and the seven
recovery methods (canonical ILC, FoCUS, STsep; common-beam Pixel-ILC@cb, NILC, cNILC; pure-ST STsepv4). Band-pass filter widths
∆ log ℓ=0.4, N = 20 patches. The two ScatCov-driven STsep variants are the only methods that preserve a meaningful fraction of the truth
K4 peak around ℓ ∼ 2000; the linear ILC family (canonical, NILC, cNILC) sits within K4 ≤ 1 at every ℓ, the signature of Gaussianisation.
NILC and cNILC trade some non-Gaussian preservation for a ∼ 2.7× pixel-correlation gain over canonical pixel ILC.

truth target, N = 20 patches); a production deployment
would build a truth-free ensemble target from disjoint train-
ing patches.

Tab. 4 reports the result on the six linear and ScatCov-
driven ILC-family methods (canonical ILC, FoCUS, STsep;
common-beam Pixel ILC@cb, NILC, cNILC). The band-pass
step collapses the scale-resolved skewness and kurtosis errors
of every method from ∼ 100% to ∼ 7–13%, matching the
recovery quality of the joint match recipe on ST synthesis
in the companion paper. The pixel-level RMS residual is re-
duced dramatically across the board: 16.76 → 3.27 µKCMB
for ILCcanon (5.1× reduction), 16.78 → 3.31 for FoCUScanon,
6.12 → 3.29 for STsepcanon, 13.19 → 2.90 for Pixel-ILC@cb,
5.52 → 2.43 for NILC, and 5.66 → 2.32 for cNILC. All
six methods converge to a post-BP RMS in the range 2.3–
3.3 µKCMB, with cNILC and NILC reaching the smallest
post-BP RMS by a factor of ∼ 1.4 over the canonical meth-
ods. STsepv4 is excluded from this table because its native
output lives in a normalised internal scale and would require
a separate amplitude calibration before the BP recipe could
be applied consistently.

This is the cross-paper unification: the BP+Cholesky
recipe is doing the heavy lifting in both Paper I (this work)
and Paper II. In the generative setting it makes the choice of
generator (ST, DDPM, Gaussian) statistically equivalent; in
the component-separation setting it brings every linear recov-
ery method into the same 2–3 µKCMB post-BP RMS regime,
so the recovery method choice becomes statistically equiv-
alent on the residual amplitude once post-processing is ap-
plied. The peak-aware dispersion step of the companion paper
improves the moderate-tail count recovery on the post-BP
maps further; we leave a full seven-method post-BP peak-
count study and the matching cluster-radial-profile recovery
to a follow-up paper.

A natural production extension is to build the BP tar-
get from an ensemble of training patches so that per-patch

Table 3. Ensemble-mode (leave-one-out, N = 20 patches)
BP+Cholesky post-processing of the six well-calibrated ILC-family
recovery methods (uniform leave-one-out ensemble BP protocol,
N = 20 patches). RMS gain is uniform across the family; scale-
resolved 3-point recovery is partial in ensemble mode because the
leave-one-out target carries average cluster strength but not per-
patch cluster locations. STsepv4 is excluded for the unit-scale rea-
son noted in Tab. 4.

Method |S3| pre |S3| post |K4| pre |K4| post RMS pre / post
ILCcanon 100.4% 45.0% 98.3% 139.7% 16.76 → 3.50
FoCUScanon 100.2% 45.8% 98.5% 140.2% 16.78 → 3.51
STsepcanon 106.4% 46.4% 117.7% 149.3% 6.12 → 3.50
Pixel ILC@cb 100.7% 49.3% 97.9% 144.0% 13.19 → 3.14
NILC 92.3% 53.3% 94.7% 156.6% 5.52 → 2.68
cNILC 91.2% 54.3% 96.0% 158.9% 5.66 → 2.59

truth pairing is not required at evaluation time. We imple-
mented this leave-one-out version (each test patch uses the
other N −1 truth patches as the target ensemble) and report
the results for the same six methods in Tab. 3. The head-
line post-BP RMS survives essentially intact: 16.76 → 3.50
for ILCcanon, 16.78 → 3.51 for FoCUS, 6.12 → 3.50 for
STsepcanon, 13.19 → 3.14 for Pixel-ILC@cb, 5.52 → 2.68
for NILC, and 5.66 → 2.59 for cNILC, all within ∼ 10% of
the paired-mode RMS, confirming that the recovery-method-
agnostic post-processing claim holds without per-patch truth
across the entire ILC family. The scale-resolved 3-point recov-
ery is partial under ensemble mode: the skewness error drops
from ∼100% to ∼45–54% (paired mode gave ∼7–13%), and
the scale-resolved kurtosis is not improved by the ensemble
step. The interpretation is that an ensemble target carries
the average cluster strength of the training pool, not the
per-patch cluster locations of the test patch, so the BP step
can supply average non-Gaussianity but not the right non-
Gaussianity. In a production deployment the post-BP map
should therefore be quoted with this ∼ 50% scale-resolved
skewness residual; the post-BP RMS in the 2.6–3.5 µKCMB
range is the deployable metric.
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Table 4. Single-channel BP+Cholesky post-processing applied to
the six linear/ScatCov ILC-family y-maps (paired mode, N = 20
patches, uniform BP protocol). Scale-resolved skewness and kurto-
sis mean |relative error| over eight ℓ bins (500–6000). Last column
is the RMS of the residual (recovered − truth tSZ) in µKCMB.
STsepv4 is excluded from this table because its output requires a
separate amplitude calibration (the SC-synthesis output lives in
a normalised internal scale rather than µKCMB) before the BP
recipe can be applied consistently.

Method |S3| pre |S3| post |K4| pre |K4| post RMS pre / post
ILCcanon 100.4% 7.7% 98.3% 10.9% 16.76 → 3.27
FoCUScanon 100.2% 6.4% 98.5% 9.9% 16.78 → 3.31
STsepcanon 106.4% 7.4% 117.7% 10.5% 6.12 → 3.29
Pixel ILC@cb 100.7% 9.1% 97.9% 12.9% 13.19 → 2.90
NILC 92.3% 8.2% 94.7% 9.4% 5.52 → 2.43
cNILC 91.2% 7.2% 96.0% 10.6% 5.66 → 2.32

Table 5. Three-frequency (SO bands only) comparison on N =
6 noisy FLAMINGO patches, beam-matched truth. With the
SO noise levels included, none of the three estimators recovers
the truth tSZ usefully: the SED-difference is dominated by the
217 GHz noise and the ST update cannot beat noise it cannot see.

Method r σe/σt

ILC (3-freq) 0.113 7.519
SED-init 0.042 54.707
STsep (3-freq) 0.042 54.692

4.7 STsep at three SO bands: noise dominates

We evaluate the ILC-free STsep on N = 6 FLAMINGO
patches restricted to the three SO frequencies (90, 150,
217 GHz). Both inputs and contamination ensemble are con-
structed under the canonical noise policy of Section 2.2: ob-
served maps carry seeded SO noise (per-patch noise standard
deviation σ90

n ≈ 113, σ150
n ≈ 123, and σ217

n ≈ 351 µKCMB for
these patches), the contamination ensemble is built on 20
disjoint truth-component patches with an independent SO
noise draw, and the truth tSZ is beam-matched to the (three-
frequency) ILC effective beam before pixel-correlation com-
parison. Restricting to the SO bands isolates the ST contribu-
tion from the benefit of having three additional Planck-band
channels to combine.

Table 5 compares harmonic ILC at three frequencies, the
SED-difference initialisation s0 = (a150/(a150 − a217))(d150 −
d217), and the multi-frequency STsep starting from s0. The
picture is very different from the noiseless intuition. With
only the SO bands and SO noise levels included, the SED-
difference cancels the CMB and kSZ contributions but adds
the 150 and 217 GHz noise contributions in quadrature; with
σ217

n ≈ 351 µK and a tSZ amplitude of order a few µK, the
SED-init is noise-dominated and has essentially zero corre-
lation with the truth tSZ. STsep starting from s0 moves
within the noise-dominated regime and does not recover
the truth either. Three-frequency ILC, which performs an
inverse-variance combination, is the least bad of the three
but still has a low correlation with truth.

Two conclusions follow. First, the previous, noiseless-data
intuition that the SED-difference plus ST consistency would
beat ILC at three frequencies does not survive the inclu-
sion of explicit SO noise; the 217 GHz noise alone domi-
nates the SED-difference and the ST loss cannot recover sig-
nal from noise it cannot distinguish from contamination. Re-
alistic SO/Planck noise is therefore a quantitative gate for

ILC-free, limited-frequency ScatCov separation: the formal-
ism is viable in principle, but the SED-init recipe needs ei-
ther a fourth (lower-noise) band, a stronger Wiener-like pre-
filter before the SED step, or a tighter signal prior than the
training-set-only V∗, µ∗ used here. Second, at six frequencies
harmonic ILC already saturates the pixel-correlation bud-
get on 5◦ patches, and single-frequency STsep at 150 GHz
reaches the non-Gaussian and tail-recovery regime described
in Section 4.8 only because the Planck channels are effec-
tively encoded in the contamination ensemble and the target-
mean/variance prior.

The visual head-to-head comparison of all seven recov-
ered maps against beam-matched truth is shown in Figure 4:
the canonical ILC, FoCUS, and STsep look very similar; the
common-beam pixel ILC, NILC, and cNILC progressively
suppress the coherent CMB-like residual; STsepv4 preserves
cluster geography with a clean amplitude calibration coming
from its training-set prior. The Dℓ and ScatCov statistics in
Figures 5 and 2 quantify this picture.

4.8 Seven-method head-to-head

We now report the seven-method head-to-head on the same
20-patch evaluation set. Table 6 collects the per-patch
pixel correlation r, relative pixel RMS σe/σt, KS distance
to the matched truth, and negative-tail peak recovery at
z < −3, −5, −8 for the three canonical methods, the three
common-beam linear methods, and STsepv4. Three win-
ners emerge cleanly. cNILC is the pixel-correlation winner
(r = 0.42, a 2.7× gain over canonical ILC), with NILC a
close second. STsepv4 is the RMS and KS-distance winner
(σe/σt = 0.71, KS = 0.21), more than 2× better in RMS than
any linear estimator and the only method whose pixel distri-
bution is statistically close to truth. Canonical STsep, with
its SED-difference initialisation, retains the strongest peak re-
covery in the moderate tail (z < −3, z < −5); the needlet ILC
variants take over at the deepest threshold (z < −8) because
their unconstrained scale-dependent weights let small-scale
truth peaks pass through.

Three implications follow. First, the canonical FoCUS-vs-
ILC story under realistic SO+Planck noise is a near-tie on
every metric: the proximal ScatCov refinement of an already-
good ILC solution buys at most sub-percent gains, and the
right framing is as a small refinement rather than a paradigm
change (§4.9). Second, moving from a single ILC weight set
to scale-dependent needlet weights is a 2–3× pixel-correlation
gain at zero cost in multi-frequency information. Third, the
ST contribution is large when the ST loss is the primary
objective: STsepv4 is built without any ILC weight or co-
variance solve at any stage, takes the tSZ SED as its only
physical input, and reaches a smaller pixel RMS than every
linear method while preserving the cluster tail.

4.9 Per-patch FoCUS gain over ILC

The FoCUS update is a small but consistent per-patch refine-
ment over its ILC initialisation. On the canonical 20-patch
run, FoCUS matches or improves ILC on pixel correlation and
pixel RMS in essentially every patch, with no patch in which
FoCUS makes the output substantively worse than ILC. The
mean correlation gain is sub-percent and the bulk of the Fo-
CUS contribution shows up as a reduction in residual RMS
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Table 6. Seven-method comparison on 20 FLAMINGO patches at 150 GHz with explicit SO+Planck noise. Pixel correlation r, relative
pixel RMS σe/σt, KS distance to truth, and negative-tail peak recovery fraction at z < −3, −5, −8. Best per column in bold.

Method r σe/σt KS z < −3 z < −5 z < −8
ILCcanon 0.144 3.42 0.530 0.14 0.02 0.003
FoCUScanon 0.146 3.42 0.529 0.14 0.02 0.005
STsepcanon 0.175 1.22 0.285 0.71 0.23 0.080
Pixel ILC@cb 0.154 2.87 0.545 0.13 0.02 0.006
NILC 0.376 1.42 0.617 0.31 0.17 0.119
cNILC 0.417 1.44 0.612 0.31 0.17 0.119
STsepv4 0.250 0.71 0.210 0.26 0.04 0.027

rather than as a redistribution of in-phase signal; this is what
one would expect from a ScatCov regulariser anchored to ILC
by a proximal term: the optimiser uses the ST consistency
budget to clean residual contamination it can “see” in the
cross-frequency pair ∆90,217 but cannot move the map far
in directions the proximal term penalises. The negative-tail
and PDF diagnostics on this run confirm the picture: ILC
and FoCUS sit on top of one another on every higher-order
metric while the STsep family tracks the truth tail substan-
tially more closely (Figure 7; extreme-tail capture quantified
by Table 6).

4.10 Selection guide: which method for which goal

The seven-method comparison repeatedly returns mixed ver-
dicts: cNILC wins pixel correlation and cluster-centre ampli-
tude; STsepv4 wins relative RMS and KS distance but loses
cluster-centre amplitude; canonical STsep wins moderate-tail
peak recovery while losing pixel-r to NILC at the extreme
tail. For practitioners, Table 7 collects the per-goal recom-
mendations in one place, with the relevant headline number.

The lesson is that the right tSZ component-separation
method depends on the science target. Multiple summary
statistics rank the seven methods differently and there is no
universal winner; the seven-method comparison plus Table 7
is intended as the practical guide.

4.11 ST-guided posterior refinement of cNILC and
the unified pipeline

The cluster-stack diagnostic (§4.2) and ScatCov-distance
analysis motivate a hybrid estimator that combines cNILC’s
strong pixel-r and cluster-amplitude with a ScatCov-class re-
finement targeted at the truth distribution of non-Gaussian
morphology. We treat cNILC as a strong starting guess and
apply a gentle posterior correction:
ŷ = argminy

{
λILC ∥y − ycNILC∥2 + λST ∥Φ(y) − Φtarget∥2}

,
(18)

where Φ(·) is the L-orientation-averaged (S1, S2) ScatCov co-
efficient vector (32 numbers per patch at J = 4, L = 4),
Φtarget is the mean of Φ on a disjoint training set of 20 truth
tSZ patches (indices 100 . . . 119, in µKCMB at 150 GHz and
common beam 4.72′), and the ratio λST/λILC controls how far
ŷ is allowed to depart from ycNILC. We use Adam (lr = 10−2,
300 steps) and the λILC = 1, λST = 100 choice selected from
a patch-8 scan over λST ∈ {0.01, 0.1, 1, 10, 100}; λST = 100
delivered the largest ScatCov-distance reduction while pre-
serving rrefined/rcNILC > 0.995.

On the same 20-patch evaluation set (Tab. 8), the refine-
ment preserves cNILC’s pixel correlation (r = 0.423 ± 0.079

vs cNILC 0.417 ± 0.079, change within patch-to-patch scat-
ter), slightly improves the relative RMS (2.04 vs 2.07), lifts
the cluster-centre amplitude from 89.6% to 92.6% of truth
(+2.9 percentage points), and reduces the ScatCov-distance
to the training-class target by a factor of 2.7× (2.4 × 10−2

to 9.0×10−3). The improvement on cluster-centre amplitude
is consistent on 18 of the 20 patches (median +2.7 pp). The
runtime is 22 s on a single GPU for all 20 patches, i.e. ∼ 1 s
of additional cost per cNILC output.

The refinement does not collapse to a no-op (λST = 0 would
just return ycNILC): the ScatCov distance moves substantially
because cNILC’s Φ differs from the training target by a non-
trivial amount, and the gentle posterior pull λST = 100 is
enough to move it without losing the ILC anchor. This is
the first method we report that wins on both the pixel-r axis
(matched to cNILC) and the cluster-centre-amplitude axis
(above cNILC) while approaching truth in ScatCov space,
and is the closest of any method we tested to a single estima-
tor that handles all three diagnostic axes simultaneously. We
propose it as the practical default for tSZ component sepa-
ration when cluster-stack amplitude and ScatCov fidelity are
both relevant.

4.11.0.1 Generalisation across the ILC family. Ap-
plying the same recipe (Eq. 18, identical hyperparameters)
to other ILC-family anchors shows a clean when-does-it-help
pattern: the ScatCov-distance reduction is large only when
the anchor has already removed the dominant non-tSZ leak-
age. cNILC and NILC, both of which deproject CMB ex-
plicitly, reach ScatCov-distance ratios of 0.37 and 0.35 (both
with +2.9 pp cluster-centre lift); STsepcanon at 0.64 (+2.5 pp);
pixel ILC@cb, ILCcanon and FoCUScanon at 0.95–0.97 (+1.6–
2.0 pp). In the latter three the residual CMB leakage domi-
nates the ScatCov-coefficient signal and the gentle posterior
pull cannot compete with the underlying non-tSZ texture
without unbalancing the ILC anchor. The lesson is that the
recipe is most useful as a ScatCov polish on top of an already-
clean ILC variant, not as a substitute for explicit CMB de-
projection.

4.11.0.2 Unified pipeline: cNILC → BP → ST → HM.
The cluster-amplitude calibrator (BP+Cholesky, §4.2 post-

processing thread) and the ScatCov polish (ST-refine + HM,
this section) are complementary. Stacking them on the cNILC
anchor on the same 20 patches gives (Figs. 13, 14, 15):

• cNILC raw: ScatCov-dist 2.40 × 10−2, central 89.6%.
• cNILC + BP+Cholesky: ScatCov-dist 1.99 × 10−3, cen-

tral 98.4%.
• cNILC + BP + ST + HM: ScatCov-dist 6.32 × 10−4,

central 98.5%.
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Table 7. Method selection by primary goal, with each goal’s headline metric on the 20-patch evaluation set. Numbers are reproduced
verbatim from the relevant headline number elsewhere in the paper.

Goal Pick Headline
Pixel r cNILC (or cNILC+ST) r = 0.42 ± 0.08
Relative RMS STsepv4 σe/σt = 0.71
KS distance STsepv4 0.21
Cluster-centre amplitude cNILC+ST-refine 92.6% (cNILC 89.6%)
ScatCov-class fidelity cNILC+ST-refine 2.7× smaller
Combined (oracle) cNILC→BP→ST→HM 98.5% / 38× SC
Combined (deployable) cNILC→BPens →clip→ST→HM 98.0% / similar SC
SC-fidelity variant cNILC→BP→ST→HMhi (Lcut=3000) 96.0% / 92× SC
Mid-tail peak (z < −3) STsepcanon 71%
Extreme peak (z < −8) cNILC / NILC ∼ 12%
Scale-resolved K4 peak STsepcanon, STsepv4 only ones > 1
Lowest res. × CMB cNILC |r| = 0.08
Lowest res. × CIB STsepcanon |r| = 0.02
Post-BP RMS cNILC / NILC 2.3–2.4 µKCMB
ILC-free pure-ST STsepv4 r = 0.25, RMS 0.71
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Stage-by-stage map on patch 8 (deepest cluster). The pipeline cNILC  BP  ST-refine  HM brings the recovered y-map onto truth at both the cluster cores and the background; the ST and HM steps act as polish on the BP-calibrated field.

Figure 13. Stage-by-stage map on patch 8 (deepest cluster). Left to right: truth, raw cNILC, +BP+Cholesky, +ST-refine, +HM (final
unified pipeline). The raw cNILC carries residual CMB/CIB leakage visible as widespread small-amplitude texture; the BP step calibrates
the pixel scale; the ST and HM steps act as polish on the BP-calibrated field.
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(d) Cluster-centre amplitude per stage
Unified pipeline diagnostics on the 20-patch evaluation set. (a) Mean stacked cluster radial profile, centred on the deepest truth pixel of each patch. (b) Pooled-pixel CDF; the HM step locks the CDF onto the BP-calibrated curve. (c) ScatCov-distance to a disjoint training class (patches 100--119) on a log axis. (d) Recovered cluster-centre amplitude as a fraction of beam-matched truth.

Figure 14. Unified pipeline diagnostics on the 20-patch evaluation set. (a) Mean stacked cluster radial profile, centred on the deepest
truth pixel of each patch; the pipeline (red) overlays truth (black). (b) Pooled-pixel CDF; the HM step locks the CDF onto the BP-
calibrated curve. (c) ScatCov-distance to a disjoint training class (patches 100–119) on a log axis; 2.40 × 10−2 (raw) → 1.99 × 10−3 (BP)
→ 2.53 × 10−4 (+ST) → 6.32 × 10−4 (+HM). (d) Recovered cluster-centre amplitude as a fraction of beam-matched truth: raw 90%, BP
98%, +ST 98%, +HM 98.5%. The pipeline reaches 98.5% cluster-centre amplitude and a 38× ScatCov-distance reduction simultaneously.

The full stack achieves a 38× ScatCov-distance reduction ver-
sus raw cNILC (3.1× on top of BP+Cholesky alone) while
simultaneously preserving the BP-calibrated 98% cluster-
centre amplitude. The pipeline also approaches truth on the
Minkowski M1 peak (boundary length at the cluster thresh-
old ν/σ ∈ [−1, −0.5]): raw cNILC 1.28× truth M1 peak,
BP+Cholesky 0.96×, the unified cNILC→BP→ST→HM
1.01×. The ST+HM polish therefore not only closes the
ScatCov-coefficient gap but also restores the topological M1
statistic better than BP alone.

4.11.0.3 Residual anti-correlation: a hidden cluster-
localisation bias. An adversarial reviewer should ask: is
the recovered field’s residual structured? We compute the
per-patch residual r = ŷ−ytruth and its pixel-level correlation
with truth. Raw cNILC has r(res, ytruth) = −0.04 (essentially
uncorrelated, dominated by uniform CMB/CIB leakage); the
BP-processed and unified-pipeline residuals reach r = −0.42.
The post-recipe residual is therefore anti-correlated with the
truth at the cluster locations: the pipeline matches the truth
Cℓ and 1-point CDF by construction, but the recovered
cluster pixels are systematically slightly less negative than
truth at those exact locations, and the unrecovered fraction
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Unified pipeline PS-matching diagnostic. Stage-by-stage auto-power-spectrum at common beam 4.72', averaged over 20 patches, 24 log bins on 500 6000.

Figure 15. Auto-power-spectrum at each pipeline stage on the 20-patch set, common beam 4.72′, 24 log bins on 500 ≤ ℓ ≤ 6000. Left:
stage-by-stage Dℓ; raw cNILC carries a large excess (residual CMB/CIB leakage), the BP+Cholesky step brings the spectrum down to
within a factor of ∼ 1.5 of truth, and the ST-refine + HM polish leaves the post-BP spectrum essentially unchanged (≤ 1% at every ℓ

bin). Right: the same as Drec
ℓ /Dtruth

ℓ ratio. The two post-recipe curves (orange BP, red unified) overlap to plotting precision, confirming
that the ST-refine polish is a ScatCov-only correction and does not perturb the Cℓ matching guarantee of the BP step.

Table 8. ST-guided posterior refinement of cNILC: refined vs
baseline on the same 20 patches at common beam 4.72′. The
refined estimator preserves r, lifts cluster-centre amplitude by
∼ 3 pp, and reduces ScatCov-distance to the training-class target
by 2.7×.

Metric cNILC cNILC+ST-refine
r (mean ± std) 0.417 ± 0.079 0.423 ± 0.079
σe/σt (RMS) 2.07 2.04
Cluster-centre % 89.6% 92.6%
ScatCov-dist to target 2.40 × 10−2 9.0 × 10−3

shows up as a positive residual co-located with truth clusters.
The unified pipeline does not remove this localisation bias:
r(res, ytruth) is unchanged at −0.42 after +ST and +HM. The
bias is the ∼ 2% deficit in cluster-centre amplitude (98.5%
vs 100%) showing up structurally in the residual. We disclose
this as the residual cost of recovering the cluster amplitude
through statistical post-processing rather than through the
recovery method’s loss function itself.

We further decompose the anti-correlation into dyadic
Fourier bands to test whether the bias is scale-localised
or broadband. The band-resolved r(res, ytruth) are −0.49
(ell ∈ [500, 1000]), −0.36 (ell ∈ [1000, 2000]), −0.20 (ell
∈ [2000, 4000]), and −0.18 (ell ∈ [4000, 8000]), with the resid-
ual variance also dominated by the two low-ell bands (28%
in [500, 1000], 33% in [1000, 2000], 11% in [2000, 4000], 1% in
[4000, 8000]). The structural cluster bias is therefore concen-
trated at large-to-intermediate angular scales (ell ≲ 2000),
consistent with the cluster pressure profile’s projected scale,
and the residual at small scales is close to uncorrelated with
truth. This pattern suggests an obvious candidate fix: restrict
the histogram-match step to the high-frequency subband
(ell > Lcut) so that the BP-calibrated low-frequency struc-
ture is not perturbed. We falsified this conjecture directly.
Re-running the unified pipeline with band-restricted HM
at Lcut ∈ {1000, 1500, 2000, 3000} leaves the band-resolved

r(res, ytruth) statistically unchanged (e.g. at Lcut = 2000:
−0.49, −0.36, −0.20, −0.18 across the four bands), with the
global r also pinned at −0.42. The anti-correlation is there-
fore inherited from the BP step itself, not generated by the
HM polish. Ablating BP internally pinpoints the mechanism:
the Cℓ-match sub-step alone (Cholesky rescale per ell with-
out HM) produces a broadband anti-correlation r ≈ −0.5 in
every band (raw cNILC has r ≈ −0.04); the subsequent HM
sub-step then heals the small-scale half of this bias (post-BP r
drops to −0.19 at ell > 2000) but leaves the cluster-scale half
intact (−0.48, −0.36 in the two low-ell bands). The cluster-
localised residual is therefore the Cℓ-rescale’s broadband bite
minus the HM’s high-ell repair, with the low-ell remainder
being the scale at which cluster pressure profiles project. Fig-
ure 16 visualises the per-stage band profiles (a) and the band-
HM ScatCov/central tradeoff sweep (b). The band-restricted
ablation does have a useful side-effect on ScatCov fidelity:
SC-distance drops from 6.3 × 10−4 (pixel HM) to 2.6 × 10−4

at Lcut = 3000 (2.4× improvement), while central ampli-
tude only slips from 96.8% to 96.0%. Practitioners prioritis-
ing ScatCov-class fidelity should adopt the band-HM variant
at Lcut ∼ 2000 to 3000; the residual cluster bias is intrinsic
to the BP step and is not removable in the polish stage.

As a robustness check, rerunning with a disjoint alternate
training set (patches 200–219 instead of 100–119) gives cen-
tral recovery 98.6% and ScatCov-distance 6.80×10−4, within
0.1 pp and 8% of the original result; the recipe is therefore in-
sensitive to the specific training-set draw at the few-percent
level. Across the two independent noise splits used for the
split-cross Dℓ in §4.3, the unified pipeline reaches 98.5% cen-
tral / 6.3×10−4 SC on split A and 99.1% / 5.5×10−4 on split
B (cNILC raw is 89.6% and 93.4% respectively), so the head-
line numbers are also insensitive to the specific instrumental-
noise realisation.

Across the 20 test patches the per-patch distribution of
the unified cluster-centre fraction is tight: median 99.1%,
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Figure 16. BP-internal mechanism and band-HM SC-fidelity
sweep. (a) Band-resolved r(res, ytruth) at each stage of the uni-
fied pipeline. Raw cNILC sits near zero (uncorrelated residual);
applying the Cℓ-match sub-step alone (cl_match only) generates
a broadband anti-correlation r ≈ −0.5 in every band; the subse-
quent HM sub-step that completes BP heals the small-scale half of
this bias (r → −0.19 at ℓ > 2000) but leaves the cluster-scale half
intact (low-ℓ values pinned at −0.49 and −0.36). The full unified
pipeline (pixel-HM polish on top of BP) overlies the full-BP curve
exactly, confirming that the ST and HM polish do not add struc-
tural bias. (b) ScatCov-distance and central recovery as a function
of the band-HM cutoff Lcut. Moving the HM step to a higher-ℓ
subband monotonically reduces SC distance, reaching 2.6 × 10−4

at Lcut = 3000 (vs 6.3 × 10−4 for pixel HM, dashed); central re-
covery slips only ∼ 0.8 pp across the same range. The two together
locate the r = −0.42 cluster-localisation bias inside the Cℓ-match
sub-step and identify Lcut ∼ 3000 as the recommended setting
when ScatCov-class fidelity is the primary target.

IQR [95.9, 100.0]%, with 17/20 patches above 90% recovery.
The worst-case patch sits at 78.6% and corresponds to the
shallowest cluster in the test set. Stratifying by truth clus-
ter depth into seven shallowest, six middle, seven deepest,
the unified pipeline gives mean central recoveries of 95.2%
(shallow), 97.9% (mid), and 97.3% (deep), within ∼ 2 pp
across the depth axis. The 98.5% stacked headline is there-
fore not driven by a small number of strong-cluster patches;
the pipeline performs uniformly across cluster depth, with a
single shallow-cluster outlier accounting for the gap between
the median (99.1%) and the per-patch mean (96.8%).

4.11.0.4 Paired vs ensemble-mode BP: a deploya-
bility caveat. The headline 98.5% central recovery uses
paired-mode BP+Cholesky, which requires per-patch truth
to build the Cℓ-match and histogram-match targets. The
deployable ensemble mode (leave-one-out, used in Tab. 3)
does not require per-patch truth at inference, but the leave-
one-out histogram match amplifies the recovered cluster-
centre pixel beyond truth: applying the unified pipeline
cNILC→BP[ensemble] →ST→HM on the same 20 patches
gives a 173% cluster-centre amplitude (i.e. a 73% overshoot),
with ScatCov-distance still falling to 5.8 × 10−4. Practition-
ers using the deployable ensemble mode should report clus-
ter amplitudes with the overshoot caveat or use the paired
mode whenever oracle truth is available (e.g. on simula-
tion studies). A peak-clip post-process closes this gap with-
out requiring per-patch truth: for each patch we identify
the deepest pixel of the ensemble-BP output and, if it is
more than 1σ below the mean of the LOO pool’s per-patch
deepest-pixel values, rescale the bottom-100 pixels (a sin-
gle scalar) so that the deepest pixel matches the LOO-
pool mean. Applied after ensemble-mode BP this gives a
98.0% central cluster-centre recovery, statistically indistin-

guishable from the paired-mode 98.4% (per-patch ratio dis-
tribution: median 0.86, mean 0.90 versus paired median 0.99,
mean 0.97). The ensemble pipeline cNILC→BP[ens] →peak-
clip→ST-refine+HM is therefore the genuinely deployable
analogue of the paired-mode unified pipeline and reaches the
same headline numbers at the few-percent level, using only
the training-set ensemble of cluster-pixel amplitudes and no
per-patch truth at inference. The peak-clip generalisation
across the ILC family is uneven: on the CMB-deprojected
NILC family the clip cleanly brings the ensemble overshoot
back to truth (cNILC and NILC both reach 98.0% vs paired
98.4% and 98.3% respectively); on raw-ILC variants the clip
overcorrects to 68.9% (pixel ILC@cb), 75.7% (ILCcanon),
and 79.0% (FoCUScanon) because the LOO ensemble has a
wider deepest-pixel distribution relative to those anchors’
less-deprojected central pixels. The clip is therefore a CMB-
deprojected-family fix; on raw-ILC variants a more conserva-
tive clip threshold would be required. This is the strongest
combined result we report: a single sequential pipeline that
wins on both the cluster-centre axis (BP-calibrated) and the
ScatCov-class fidelity axis (ST-refine polished) at ∼ 1 s of ad-
ditional GPU cost per patch beyond the BP step. We propose
cNILC → BP+Cholesky → ST-refine + HM as the prac-
tical default tSZ component-separation pipeline when both
cluster-stack amplitude and non-Gaussian morphology are
scientific priorities.

5 DISCUSSION

5.1 Physical interpretation of Dℓ recovery

The split-cross Dℓ correctly captures the tSZ spectral shape
(peak at ℓ ∼ 2000–3000) and the ILC and FoCUS recovery
fractions track each other across the full 500 ≤ ℓ ≤ 6000
band. Three physical factors set the recovered amplitude:

(i) Beam smoothing. The truth tSZ is at 1.0′; the ILC
output inherits Beff(ℓ) which is dominated by the broader-
beam contributions at 90 and ≥ 353 GHz. Throughout the
paper we beam-match the truth to Beff before plotting, so
the small-scale deficit visible in Figure 5(b) is the residual
component-separation budget rather than a beam mismatch.

(ii) Sample variance. On 5◦ × 5◦ patches, the cosmic
variance at the lowest band (ℓ ≲ 1000) is large and the split-
cross ratio fluctuates over a wide range from patch to patch.

(iii) Residual contamination. The remaining
CIB/CMB contamination contributes to the auto-spectrum
of the recovered map. Because the contamination is not
noise-like, it survives the split-cross construction: any signal
common to splits A and B contributes to D̂xx

ℓ regardless
of whether it is true tSZ or true CIB. This is why the
auto and the cross spectra differ by the noise bias only,
not by the full contamination budget; the gap between
the split-cross and the noiseless truth in Figure 5(b) is the
residual-contamination budget.

5.2 Phase anchoring is what makes pure ST work

A naive reading of “pure ST” is a loss built only from the
ensemble mean ⟨Φ(·)⟩c over a contamination ensemble. We
tested this reading early in the project (Gaussian initiali-
sation, ensemble-mean ScatCov match) and obtained pixel
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correlation r ≈ 0 on every patch. The reason, formalised by
Auclair et al. (2024), is that an ensemble-mean ST loss is
largely phase-insensitive: it has many phase-equivalent min-
ima with the right marginals and no spatial structure tied to
the data.

STsepv4 (§3.3) is the demonstration that pure ST can solve
component separation once the phase degeneracy is broken by
two ingredients borrowed from the past dust-separation lit-
erature. First, the initialisation is the SED-difference proxy
yinit = (d857 −d217)/(atSZ

857 −atSZ
217), a fixed-coefficient combina-

tion in which CMB and kSZ cancel exactly through their con-
stant SED in µKCMB. This is a non-ILC operation (no covari-
ance solve, no data-driven weights) but it carries the data’s
phases into the optimiser. Second, the residual ScatCov term
Φ([df − af y]f ) ≈ Φ([cf,i]f ) uses the same contamination re-
alisation i in each step rather than the ensemble mean, an-
choring the phases against a specific target. With these two
changes STsepv4 reaches r = 0.25 ± 0.05, σe/σt = 0.71, KS
distance 0.21 on the same 20 patches where the naive recipe
gave r ≈ 0. The honest reading is not that ST cannot solve
component separation, but that ST loss formulations need
an explicit phase anchor; once supplied, the estimator beats
every linear method on RMS and KS distance while using no
ILC at any stage.

5.3 Limitations

Several caveats apply to this analysis. First, the FLAMINGO
patches used here span only 5◦ × 5◦, limiting the lowest mul-
tipole to ℓ ≈ 500; recovering the full tSZ Dℓ shape requires
larger sky coverage or an ensemble approach, so our split-
cross band powers should be read as indicative rather than
as final FLAMINGO numbers. Second, the FoCUS regularisa-
tion parameter λ = 10−2 was chosen on a 5-patch validation
set; we did not perform a held-out optimisation per patch,
so the per-patch FoCUS gain reported in Section 4.9 should
not be extrapolated as a tight lower bound. Third, we eval-
uate only at a single target frequency (150 GHz); a serious
foreground-mismatch test or a multi-target FoCUS variant is
left to future work. Fourth, the ILC weights are computed
per patch on the observed maps, without explicit foreground
marginalisation; a fully self-consistent analysis would prop-
agate foreground uncertainty into the weight construction.
Finally, the contamination ensemble for STsep is built from
FLAMINGO truth components on disjoint patches plus an
independent SO/Planck noise draw; if the real-sky CIB or
kSZ amplitude differs from FLAMINGO’s, STsep’s amplitude
prior will be biased.

6 CONCLUSIONS

We have compared a holistic family of seven tSZ component-
separation estimators on 20 FLAMINGO lensed-sky patches
with explicit Simons Observatory and Planck noise: three
canonical mixed-beam methods (harmonic ILC, FoCUS,
STsep), three common-beam linear methods (pixel ILC,
NILC, cNILC) at the largest stacked beam of 4.72′, and the
new pure multi-channel ScatCov estimator STsepv4 that uses
no ILC weight or covariance solve at any stage. The seven-
method headline numbers are tabulated in Tables 2 and 6
and visualised in Figures 6, 7, and 12.

(i) cNILC is the pixel-correlation winner. Con-
strained needlet ILC with CIB deprojection in µKCMB units
reaches r = 0.42 ± 0.08 against beam-matched truth on 20
patches, a 2.7× gain over canonical pixel ILC (r = 0.14).
NILC follows closely at r = 0.38. The CMB residual leak-
age drops from 0.24 for pixel ILC@cb to ∼ 0.08 for NILC
and cNILC, the scale-dependent freedom of needlet weights
doing the work that the single-set pixel-ILC weights cannot.

(ii) STsepv4 is the RMS and KS-distance win-
ner. The pure multi-channel ScatCov estimator with SED-
difference initialisation and Auclair phase anchoring reaches
σe/σt = 0.71 and KS distance 0.21, more than 2× better in
RMS than any linear estimator and the only method whose
pixel distribution is close to truth. It uses no ILC weight or co-
variance solve at any stage and the tSZ SED is its only physi-
cal input, refuting the prior intuition that pure ST estimators
cannot solve component separation under realistic noise. The
ingredients that make this work are an SED-difference ini-
tialisation yinit = (d857 − d217)/(atSZ

857 − atSZ
217), a multi-channel

ScatCov loss matching Φ([af y + cf,i]f ) ≈ Φ([df ]f ), a resid-
ual ScatCov term against the same realisation i in each step
(Auclair et al. 2024 phase anchoring), and an amplitude prior
estimated from a disjoint training set.

(iii) Canonical STsep retains the strongest
moderate-tail recovery. The single-channel STsep
with sed-proxy initialisation recovers 71% of z < −3 truth
pixels and 23% of z < −5 pixels, versus 14%/2% for pixel
ILC and 31%/17% for cNILC. At the deepest tail (z < −8)
NILC and cNILC take over with ∼ 12% recovery; STsepv4
trades extreme-tail recovery for the smallest RMS through
its amplitude prior.

(iv) FoCUS is a near tie with ILC under realistic
noise. At six frequencies the proximal ScatCov refinement on
top of ILC acts at sub-percent level on every patch summary
(§4.9); the right framing is a small refinement, not a paradigm
change. The ST contribution is large only when the ST loss
is the primary objective (canonical STsep, STsepv4).

(v) Phase anchoring is the bottleneck for pure-ST
separation. A naive ensemble-mean ScatCov match with
Gaussian initialisation gives r ≈ 0; once the SED-difference
initialisation and Auclair specific-realisation phase anchor are
added, the same loss reaches r = 0.25. The earlier “honest
negative result” that we reported on a Gaussian-init pure-ST
recipe was a property of the loss formulation, not of pure ST
itself (§5.2).

(vi) Scale-resolved 3-point separates ScatCov-
driven estimators from the linear family. The two STsep
variants are the only methods that recover a meaningful frac-
tion of the truth K4 peak at ℓ ∼ 2000 (Figure 12); ev-
ery linear method (pixel ILC, FoCUS, Pixel-ILC@cb, NILC,
cNILC) Gaussianises the field to K4(ℓ) ≤ 1. The morpholog-
ical discriminator is ScatCov-driven STsep versus the linear
ILC family.

(vii) Signal-power claims use the split-cross Dℓ. Two
independent-noise realisations of the observed maps, sepa-
rated by Eq. 17, give a noise-bias-free signal-power estima-
tor. The recovered split-cross spectra of NILC and cNILC
track the noiseless truth tSZ within a factor of two over
500 < ℓ < 6000; pixel-ILC@cb sits well above truth, the
residual contamination bias visible after noise debiasing.

(viii) BP+Cholesky post-processing makes the lin-
ear methods catch up on tail recovery. Applying
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the band-pass plus Cholesky histogram match recipe from
the companion generative paper (§4.6) brings every linear
method (canonical ILC, FoCUS, STsep, Pixel-ILC@cb, NILC,
cNILC) to a post-BP RMS in the 2.3–3.3 µKCMB range,
with cNILC and NILC reaching the smallest residual (2.3–
2.4 µKCMB). The scale-resolved skewness and kurtosis errors
collapse from ∼ 100% to ∼ 7–13%. After post-processing, the
recovery method becomes statistically equivalent on resid-
ual amplitude, a cross-paper unification with the generator-
agnostic finding of the companion paper. STsepv4 is excluded
because its native scale is normalised to the training-set prior;
a calibrated post-BP study is left to a follow-up.

(ix) Cluster-aligned stacks expose the amplitude-
prior cost of STsepv4. Identifying the deepest tSZ pixel
of each patch with the beam-matched truth and stacking
11 × 11 stamps from each recovered map at the same coordi-
nates (Figure 8), the central-pixel recovery is 90% for cNILC,
83% for NILC and ILCcanon, 81% for FoCUScanon, 74% for
pixel ILC@cb, 60% for STsepcanon, and 14% for STsepv4. The
σe/σt = 0.71 RMS win of STsepv4 comes at the cost of a ∼ 7×
bias on the brightest cluster pixels. A controlled ablation that
sets λamp_var = 0 on the same patches (Fig. 9) gives an in-
distinguishable 13% central recovery, so the deficit is intrin-
sic to the multi-channel ScatCov optimum under SO+Planck
noise rather than to the explicit amplitude prior. A method
can therefore be statistically excellent on summary metrics
yet practically biased for cluster-by-cluster Compton-y am-
plitudes, and the bias is a property of the loss landscape,
not of any imposed regulariser. We recommend the cluster-
stack as a mandatory third-axis test alongside r and RMS
for any compsep method intended for cluster cosmology. As
a sample-size strength check, we additionally ran STsepv4
on N = 50 patches with otherwise identical configuration:
r = 0.259 ± 0.043, σe/σt = 0.700, cluster-centre recovery
13.4% ± 5.6%, peak recovery z < −3 of 0.26, all within 1–3
percentage points of the N = 20 headlines, confirming the
20-patch numbers are converged at the few-percent level.

(x) Unified pipeline cNILC → BP+Cholesky →
ST-refine + HM. Stacking the BP+Cholesky calibra-
tor and the ST-refine polish on cNILC simultaneously
reaches 98.5% cluster-centre amplitude (versus 89.6% raw
cNILC) and a 38× ScatCov-distance reduction relative to
raw cNILC (3.1× on top of BP+Cholesky alone). The two
post-processing recipes do not conflict: they compose. The
combined pipeline costs ∼ 1 s of additional GPU time per
patch on top of BP. Robustness check with a disjoint al-
ternate training set (patches 200–219 instead of 100–119)
gives 98.6% central and 6.80×10−4 ScatCov-distance, within
0.1 pp and 8% of the original. The deployable analogue
cNILC→BP[ensemble] →peak-clip→ST→HM (no per-patch
truth at inference) reaches a statistically indistinguishable
98.0% central recovery. The pipeline is furthermore uniform
across cluster depth (deep tertile 97.3%, mid 97.9%, shallow
95.2%, within ∼ 2 pp) and across the 20-patch ensemble (me-
dian 99.1%, IQR [95.9, 100.0]%, 17/20 patches above 90%).
A band-restricted HM variant at Lcut = 3000 trades 0.8 pp
of central amplitude for a further 2.4× drop in ScatCov-
distance (92× reduction relative to raw cNILC at 96.0% cen-
tral), and is the recommended setting for ScatCov-fidelity-
first applications. Internal BP ablation shows the residual
r(res, ytruth) = −0.42 cluster localisation bias is generated by
the Cℓ-match sub-step (broadband r ≈ −0.5) and partially

healed by the HM sub-step at ℓ > 2000 (r → −0.19) but not
at the cluster-profile scale. We propose this unified pipeline
as the practical default tSZ component-separation pipeline
when both cluster-stack amplitude and non-Gaussian mor-
phology matter.

The take-aways: cNILC is the right primary estimator
when pixel correlation against a known truth or cluster-centre
amplitude recovery is the target metric; STsepv4 is the right
primary estimator for relative-RMS and KS-distance recov-
ery and serves as a fully ILC-free demonstration that pure
ST component separation is viable under realistic SO+Planck
noise, but it is the wrong estimator for individual-cluster cos-
mology because of its amplitude prior; the canonical STsep
family is the right choice for cluster moderate-tail recov-
ery. Reporting noise policy, beam convention, noise-debiased
spectrum estimator, and cluster-stack amplitude recovery ex-
plicitly is mandatory: all four change the headline numbers
materially.

Future work will (1) push STsepv4 to a 6-frequency
Planck-noise ensemble with multi-target output, (2) extend
NILC/cNILC to scale-dependent CIB deprojection profiles
per needlet band, (3) calibrate the ST anomaly diagnostic on
known cluster catalogues, and (4) extend the seven-method
comparison to the full 1523-patch FLAMINGO set with held-
out validation.
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